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DUAL FUSION FRAMES
S. B. HEINEKEN, P. M. MORILLAS, A. M. BENAVENTE, AND M. I. ZAKOWICZ
Abstract. The definition of dual fusion frame presents technical problems
related to the domain of the synthesis operator. The notion commonly used
is the analogous to the canonical dual frame. Here a new concept of dual is
studied in infinite-dimensional separable Hilbert spaces. It extends the com-
monly used notion and overcomes these technical difficulties. We show that
with this definition in many cases dual fusion frames behave similar to dual
frames. We present examples of non-canonical dual fusion frames.
1. Introduction
Frames appeared for the first time in the work of Duffin and Schaeffer in [7]. They
are systems of vectors in a separable Hilbert space H which are redundant. This
means, they allow representations of the elements of the Hilbert space which are
not necessarily unique. This property is desirable for many situations that appear
in applications e.g. in signal processing when we have presence of noise, since they
allow more flexibility for choosing the adequate representation. Other areas where
frames are used include coding theory, communication theory and sampling theory.
For a review of frame theory we refer to [1] and the books [5, 6]. Reference [3]
comprises a description of recent developments in theory and applications of finite
frames.
When a huge amount of data has to be processed it is often advantageous to
subdivide a frame system into smaller subsystems and combine locally data vectors.
This gives rise to the concept of fusion frames (or frames of subspaces) [2, 4] (see also
[3, Chapter 13]), which are a generalization of frames. They allow decompositions
of the elements of H into weighted orthogonal projections onto closed subspaces.
Many concepts of classical frame theory have been generalized to the setting of
fusion frames. Having a proper notion of dual fusion frames permits us to have
different reconstruction strategies. However in the definition appears a problem
connected to the domain of one of the fundamental operators associated to a fusion
frame, called the synthesis operator. Also, one wants from a proper definition to
yield duality results similar to the known for classical frames.
So far the most frequently used definition is the one that corresponds to the
canonical dual of the classical frames. In this paper the first author proposes a
new concept of dual fusion frames. We study properties and provide examples of
this new concept that extends the “canonical” one and solves the technical prob-
lem mentioned before. Moreover, with this definition we obtain results which are
analogous to those valid for dual frames. In the present paper we work in infinite-
dimensional separable Hilbert spaces whereas in [8] the new definition is studied in
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finite-dimensional Hilbert spaces and it is used to obtain optimal reconstructions
under erasures.
The paper is organized as follows. In Section 2 we review results about frames
and fusion frames. In Section 3 we present the new definition of dual fusion frames.
We then study the relation between dual fusion frames and the left inverses of the
analysis operator. We present examples of dual fusion frames obtained using this
relation. We show that the “canonical” dual fusion frame is a particular case of our
duals. We also consider the construction of dual fusion frames from dual frames.
We finally give examples of non-canonical harmonic dual fusion frames constructed
from Gabor systems.
2. Preliminaries
We will now give a brief review about the concepts of frame and fusion frame
Throughout this paper H will be a separable Hilbert space and I a countable
index set.
2.1. Frames and dual frames. We begin defining the concept of frame.
Definition 2.1. Let {fi}i∈I ⊂ H. Then {fi}i∈I is a frame for H, if there exist
constants 0 < α ≤ β <∞ such that
(2.1) α‖f‖2 ≤
∑
i∈I
|〈f, fi〉|
2 ≤ β‖f‖2 for all f ∈ H.
If the right inequality in (2.1) is satisfied, {fi}i∈I is a Bessel sequence. The
constants α and β are called frame bounds. If α = β, we call {fi}i∈I an α-tight
frame, and if α = β = 1 it is a Parseval frame.
We associate to a Bessel sequence {fi}i∈I the synthesis operator
T : ℓ2(I)→ H, T {ci}i∈I =
∑
i∈I cifi,
and the analysis operator
T ∗ : H → ℓ2(I), T ∗f = {〈f, fi〉}i∈I .
For a frame {fi}i∈I the operator
S = TT ∗,
called frame operator is positive, selfadjoint and invertible. Furthermore if {fi}i∈I
is an α-tight frame, then S = αIH.
The concept of dual frame is defined as follows:
Definition 2.2. Let {fi}i∈I be a frame for H with synthesis operator T . A frame
{gi}i∈I for H with synthesis operator U is a dual frame of {fi}i∈I if the following
reconstruction formula holds
(2.2) f = UT ∗f =
∑
i∈I
〈f, fi〉gi , for all f ∈ H.
In particular, {S−1fi}i∈I is called the canonical dual frame of {fi}i∈I .
A Riesz basis for H is a frame for H which is also a basis. Observe that a Riesz
basis has a unique dual, the canonical one.
2.2. Fusion frames. Let {Wi}i∈I be a family of closed subspaces in H, and let
{wi}i∈I be a family of weights, i.e., wi > 0 for all i ∈ I. We will denote {Wi}i∈I
with W , {wi}i∈I with w and {(Wi, wi)}i∈I with (W , w). If T ∈ L(H,K) we will
write (TW , w) for {(TWi, wi)}i∈I .
We consider the Hilbert space
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KW :=
⊕
i∈I Wi = {{fi}i∈I : fi ∈ Wi and {‖fi‖}i∈I ∈ ℓ
2(I)}
with inner product 〈{fi}i∈I , {gi}i∈I〉 =
∑
i∈I〈fi, gi〉.
For V a closed subspace of H, πV is the orthogonal projection onto V .
Definition 2.3. We say that (W , w) is a fusion frame for H, if there exist constants
0 < α ≤ β <∞ such that
(2.3) α‖f‖2 ≤
∑
i∈I
w2i ‖πWi(f)‖
2 ≤ β‖f‖2 for all f ∈ H.
We call α and β the fusion frame bounds. The family (W , w) is called an α-tight
fusion frame, if in (2.3) the constants α and β can be chosen so that α = β, and
a Parseval fusion frame provided that α = β = 1. If (W , w) possesses an upper
fusion frame bound, but not necessarily a lower bound, we call it a Bessel fusion
sequence with Bessel fusion bound β. If wi = c for all i ∈ I, the collection (W , w)
is called c-uniform. In this case we write (W , c). We refer to a fusion frame (W , 1)
as an orthonormal fusion basis if H is the orthogonal sum of the subspaces Wi.
We associate to a Bessel fusion sequence (W , w) the following bounded operators:
TW,w : KW → H, TW,w{fi}i∈I =
∑
i∈I wifi,
called the synthesis operator and
T ∗W,w : H → KW , T
∗
W,wf = {wiπWi(f)}i∈I ,
named the analysis operator.
If (W , w) is a fusion frame we have the fusion frame operator
SW,w = TW,wT ∗W,w,
which is positive, selfadjoint and invertible. If (W , w) is an α-tight fusion frame,
then SW,w = αIH.
As for frames, (W , w) is a Bessel fusion sequence for H if and only if TW,w is a
well defined bounded linear operator. A Bessel fusion sequence (W , w) is a fusion
frame for H if and only if TW,w is onto.
Remark 2.4. For w ∈ ℓ2(I) it is easy to see that (W , w) is a Bessel fusion sequence
for H. Suppose that TW,w is well defined. If TW,w is bounded then w ∈ ℓ∞(I). In
view of this, in the sequel we suppose that each family of weights is in ℓ∞(I).
3. Dual fusion frames
Assume that (W , w) is a fusion frame for H. In [2, Definition 3.19] the fusion
frame (S−1W,wW , w) is called the dual fusion frame of (W , w). This family looks as
the analogous to the canonical dual frame in the classical frame theory and
(3.1) f = S−1W,wSW,wf =
∑
j∈I
w2jS
−1
W,wπWj (f) , for all f ∈ H.
If we like (3.1) expressed in terms of operators as in (2.2), we find the follow-
ing obstacle. We have R(T ∗W,w) ⊆ KW and D(TS−1W,wW,w) =
⊕
i∈I S
−1
W,wWi, so
TS−1W,wW,w
T ∗W,w is generally not defined. This difficulty with the domain disappears
with the following definition of dual fusion frame.
Definition 3.1. Assume that (W , w) and (V , v) are fusion frames for H. If there
exists Q ∈ L(KW ,KV) such that
(3.2) TV,vQT ∗W,w = IH,
then (V , v) is a dual fusion frame of (W , w)
4 S. B. HEINEKEN, P. M. MORILLAS, A. M. BENAVENTE, AND M. I. ZAKOWICZ
Sometimes we will write Q-dual fusion frame in case we need the operator Q to
be explicit.
The following lemma collects some properties of dual fusion frames that are
analogous to corresponding ones for dual frames with similar proofs (see, e. g., [5,
Lemma 5.6.2]).
Lemma 3.2. Let (W , w) and (V , v) be Bessel fusion sequences for H, and let
Q ∈ L(KW ,KV). Then the following conditions are equivalent:
(1) TV,vQT ∗W,w = IH.
(2) TW,wQ∗T ∗V,v = IH.
(3) T ∗W,w is injective, TV,vQ is surjective and (T
∗
W,wTV,vQ)
2 = T ∗W,wTV,vQ.
(4) T ∗V,v is injective, TW,wQ
∗ is surjective and (T ∗V,vTW,wQ
∗)2 = T ∗V,vTW,wQ
∗.
(5) 〈f, g〉 = 〈QT ∗W,wf, T
∗
V,vg〉 = 〈Q
∗T ∗V,vf, T
∗
W,wg〉 for all f, g ∈ H.
In case any of these equivalent conditions are satisfied, (W , w) and (V , v) are fusion
frames for H, (V , v) is a Q-dual fusion frame of (W , w), and (W , w) is a Q∗-dual
fusion frame of (V , v).
Note that the equivalence of conditions (1) and (2) implies that the roles of
(W , w) and (V , v) can be interchanged in the definition of dual fusion frame. Con-
ditions (3) and (4) say that the Q-mixed Gram operator is a projection if (W , w)
and (V , v) are dual fusion frames. Finally, condition (5) expresses the inner prod-
uct of two elements of H in terms of a Q-inner product of their images under the
analysis operators of (W , w) and (V , v).
3.1. Dual fusion frames obtained from left inverses of the analysis oper-
ator. In classical frame theory, dual frames are related to the left inverses of the
analysis operator. An analogous result is valid for the following special type of dual
fusion frame.
Definition 3.3. Let pi : KW → KW , pi{fj}j∈I = {δi,jfj}j∈I . If Q in Definition 3.1
satisfies
QpiKW = piKV ,
we say that Q is component preserving and (V , v) is a component preserving dual
fusion frame of (W , w).
Notation. We denote the set of bounded left inverses of T ∗W,w with LT∗W,w .
The next two lemmata link component preserving dual fusion frames of (W , w)
with the left inverses of the analysis operator T ∗W,w. They are analogous to a
corresponding result for dual frames (see, e. g., [5, Lemma 5.6.3.]).
Lemma 3.4. Let (W , w) be a fusion frame for H. If (V , v) is a component pre-
serving dual fusion frame of (W , w) then Vi = ApiKW , for each i ∈ I, where
A ∈ LT∗W,w .
Proof. Let Q ∈ L(KW ,KV) be component preserving such that TV,vQT ∗W,w = IH.
Let A = TV,vQ. Clearly, A ∈ LT∗W,w . Since Q is component preserving, ApiKW =
TV,vQpiKW = TV,vpiKV = Vi. 
Fusion frames behave differently under operators than classical frames do (see
e.g. [4, 9]). A well known result in classical frame theory is that if A ∈ L(K,H) is
surjective and {ei}i∈I is an orthonormal basis for K, then {Aei}i∈I is a frame for
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H. In the context of fusion frames the situation is different. Given an orthonormal
fusion basis (W , 1) of K, a surjective A ∈ L(K,H) and a family of weights v, the
collection (AW , v) could even not be a Bessel sequence for H. This fact does not
allow to have the complete converse of the previous result in an infinite-dimensional
separable Hilbert space. However, a reciprocal is valid in the following sense:
Lemma 3.5. Let (W , w) be a fusion frame for H, A ∈ LT∗W,w and Vi = ApiKW
for each i ∈ I. If (V , v) is a Bessel fusion sequence and
QA,v : KW → KV , QA,v{fj}j∈I = { 1viApi{fj}j∈I}i∈I
is a well defined bounded operator, then (V , v) is a QA,v-component preserving dual
fusion frame of (W , w).
Proof. Let {fj}j∈I ∈ W . We have Apipi0{fj}j∈I = δi,i0Api0{fj}j∈I ∈ Api0KW
= Vi0 . Therefore, QA,vpi0{fj}j∈I = {δi,i0
1
vi0
Api0{fj}j∈I}i∈I ∈ pi0KV . Conse-
quently, QA,vpi0KW ⊆ pi0KV . For the other inclusion, let {gi}i∈I ∈ KV . Then
gi = Api{f
i
j}j∈I with {f
i
j}j∈I ∈ KW for each i ∈ I, and thus pi0{gi}i∈I =
{δi,i0Api0{f
i0
j }j∈I}i∈I = {δi,i0A{δj,i0f
i0
i0
}j∈I}i∈I . Since vi0{δj,i0f
i0
i0
}j∈I ∈ pi0KW
andApivi0{δj,i0f
i0
i0
}j∈I = δi,i0vi0A{δj,i0f
i0
i0
}j∈I , then pi0{gi}i∈I = QA,vvi0{δj,i0f
i0
i0
}j∈I .
So, pi0KV ⊆ QA,vpi0KW . This shows that QA,v is component preserving.
Since (V , v) is a Bessel fusion sequence, TV,v is a well defined bounded linear
operator. If {fj}j∈I ∈ KW , then
TV,vQA,v{fj}j∈I =
∑
i∈I vi
1
vi
Api{fj}j∈I = A
∑
i∈I pi{fj}j∈I = A{fj}j∈I .
Hence TV,vQA,v = A ∈ LT∗W,w . So (V , v) is a QA,v-component preserving dual
fusion frame of (W , w). 
Remark 3.6. Let A, (V , v) and QA,v as in Lemma 3.5. We can give the following
sufficient conditions for (V , v) being a Bessel fusion sequence and for QA,v being a
well defined bounded operator:
(1) Let γ(A) be the reduced minimum modulus of A, i.e., γ(A) = inf{‖Ax‖ :
‖x‖ = 1, x ∈ N(A)⊥}. Assume γ(Api) > 0 and there exists δ > 0 such that
δ ≤ v−2i γ(Api)
2 for all i ∈ I. Since {(piKW , 1)}i∈I is an orthonormal fusion basis
for KW , by [9, Theorem 3.6] (V , v) is a Bessel fusion sequence for H with upper
bound ‖A‖
2
δ
.
(2) If vi > δ > 0 for each i ∈ I, then QA,v is a well defined bounded operator
with ‖QA,v‖ ≤
‖A‖
δ
. To see this, note that if {fj}j∈I ∈ KW , then∑
i∈I ‖
1
vi
Api{fj}j∈I‖ ≤
‖A‖2
δ2
∑
i∈I ‖pi{fj}j∈I‖
2 = ‖A‖
2
δ2
‖{fi}i∈I‖2.
Example 3.7. Any reconstruction formula of the form f = AT ∗W,wf involves a left
inverse A of T ∗W,w, and then, in view of Lemma 3.5, it could be expressed in terms
of a QA,v-component preserving dual of (W , w). The present example is based on
this observation.
Since (S−1W,wTW,w)T
∗
W,w = IH, then A = S
−1
W,wTW,w ∈ LT∗W,w . We have
ApiKW = S−1W,wWi, ∀i ∈ I
and that
QA,w : KW →
⊕
i∈I S
−1
W,wWi, QA,w{fj}j∈I = {S
−1
W,wfi}i∈I
is a well defined bounded operator with ‖QA,w‖ ≤ ‖S
−1
W,w‖. So, by Lemma 3.5, the
dual fusion frame introduced in [2], (S−1W,wW , w), is a component preserving dual
fusion frame of (W , w).
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Note that in this example QA,w is bounded without any additional restriction
on the weights wi.
In the sequel we refer to (S−1W,wW , w) as the canonical dual and to
Q∗
S
−1
W,wTW,w,w
T ∗
S
−1
W,wW,w
f = T ∗W,wS
−1
W,wf ∈ KW
as the fusion frame coefficients of f ∈ H.
The next lemma is about the minimality of the fusion frame coefficients and has
its analogous in classical frame theory with a similar proof (see e.g. [5, Lemma
5.4.2]).
Lemma 3.8. Let (W , w) be a fusion frame for H and f ∈ H. For all {fj}j∈I ∈ KW
satisfying TW,w{fj}j∈I = f we have ‖T ∗W,wS
−1
W,wf‖ ≤ ‖{fj}j∈I‖.
Example 3.9. Assume {ej}
∞
j=1 is an orthonormal basis of H. Fix N ∈ N and define
Wj = span{e1, . . . , ej} for 1 ≤ j ≤ N and Wj = span{ej−N+1, . . . , ej} for j > N .
Then (W , 1) is a 1−uniform N -tight fusion frame for H.
To simplify the exposition we consider in the sequel N = 3 and e−1 = e0 = 0.
In this case KW = {{
∑2
k=0 cj,j−kej−k}
∞
j=1 :
∑∞
j=1
∑2
k=0 |cj,j−k|
2 < ∞} and T ∗W,1 :
H → KW , T ∗W,1
∑∞
j=1 cjej = {
∑2
k=0 cj−kej−k}
∞
j=1.
Consider A : KW → H, A{
∑2
k=0 cj,j−kej−k}
∞
j=1 =
∑∞
j=1 cj,jej . Then A ∈ LT∗W,1 ,
Vi = ApiKW = span{ei}, (V , 1) is a 1−uniform orthonormal fusion basis for H and
QA,1 : KW → KV , QA,1{
∑2
k=0 cj,j−kej−k}
∞
j=1 = {ci,iei}
∞
i=1 is bounded.
Note that since (V , 1) is an orthonormal fusion basis for H, it coincides with its
unique component preserving dual fusion frame. On the other hand, by Lemma 3.2,
(W , 1) gives an example of dual of (V , 1), which is not component preserving.
Remark 3.10. The following shows that in Lemma 3.5, the hypotheses (V , v) to be
a Bessel fusion sequence and QA,v to be bounded, cannot be avoided:
(1) Let {en}n∈N be an orthonormal basis of a Hilbert space H and consider
W1 = span{ek : k ≥ 2} = {e1}
⊥ and Wk = span{e1, ek} for k ≥ 2.
It is proved in [9, Example 7.5] that if (W , w) is a Bessel fusion sequence, then
w ∈ ℓ2(N). Moreover, the frame operator SW,w is diagonal with respect to {en}n∈N
and so it is also S−1W,w.
Now, in particular, this implies that S−1W,wWk = Wk for all k ∈ N. So if A =
S−1W,wTW,w then Vk := ApkKW = S
−1
W,wWk. Thus, if v ∈ ℓ
∞(N) \ ℓ2(N), then (V , v)
is not a Bessel fusion sequence.
(2) There exist weights vi so that QS−1W,wTW,w,v
is unbounded. Specifically, let
vi ≤
wi
i‖SW,w‖ . If {f
(i)
j }j∈I ∈ piKW , then
‖QS−1W,wTW,w,v
{f
(i)
j }j∈I‖ =
wi
vi
‖S−1W,wf
(i)
i ‖ ≥
wi
vi‖SW,w‖
‖f
(i)
i ‖
=
wi
vi‖SW,w‖
‖{f
(i)
j }j∈I‖ ≥ i‖{f
(i)
j }j∈I‖.
Let (W , w) be a fusion frame for H. It can be seen as in [5, Lemma 5.6.4], that
the bounded left inverses of T ∗W,w are the operators A of the form
A = S−1W,wTW,w +R
(
IKW − T
∗
W,wS
−1
W,wTW,w
)
,
where R ∈ L(KW ,H). This fact, Lemma 3.4 and Remark 3.6 yield the following
description for component preserving dual fusion frames:
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Theorem 3.11. Let (W , w) be a fusion frame for H. Suppose that vi > δ > 0 for
each i ∈ I. Then the component preserving dual fusion frames of (W , w) are the
Bessel fusion sequences (V , v) where
Vi =
[
S−1W,wTW,w +R
(
IKW − T
∗
W,wS
−1
W,wTW,w
)]
(piKW)
and R ∈ L(KW ,H).
3.2. Dual fusion frames obtained from dual frames. The following theorem
provides a method to obtain dual fusion frames.
First recall that if {fi}i∈I ⊂ H is a Bessel sequence with bound β, then
(3.3) ‖
∑
i∈I
cifi‖
2 ≤ β‖c‖2 for all c ∈ ℓ2(I).
Theorem 3.12. For each i ∈ I, let wi > 0, vi > 0, and let Wi and Vi be closed
subspaces of H. Let {f ℓi }l∈Li be a frame for Wi and {f˜
l
i}l∈Li be a frame for Vi, with
frame bounds αi, βi, α˜i and β˜i, respectively. Suppose that 0 < α = infi∈I αi ≤ β =
supi∈I βi < ∞ and 0 < α˜ = infi∈I α˜i ≤ β˜ = supi∈I β˜i < ∞. Let Q : KW −→ KV ,
Q{hi}i∈I := {
∑
l∈Li〈hi, f
l
i 〉f˜
l
i}i∈I . The following conditions are equivalent.
(1) {wif
ℓ
i }i∈I,l∈Li and {vif˜
ℓ
i }i∈I,l∈Li are dual frames in H.
(2) (V , v) is a Q-dual fusion frame of (W , w).
Proof. By [2, Theorem 3.2] it only remains to see the duality. If {hi}i∈I ∈ KW , by
(3.3) and (2.1),∑
i∈I ‖
∑
l∈Li〈hi, f
l
i 〉f˜
l
i‖
2 ≤
∑
i∈I β˜
2
i β
2
i ‖hi‖
2 ≤ β˜2β2
∑
i∈I ‖hi‖
2 <∞.
So Q is a well defined bounded operator.
Using that 〈πWi (f), f
l
i 〉 = 〈f, f
l
i 〉, we obtain
TV,vQT ∗W,w(f) =
∑
i∈I
∑
l∈Li〈f, wif
l
i 〉vif˜
l
i .
Finally, the last term is equal to f for all f ∈ H if and only if {wif
l
i}i∈I,l∈Li and
{vif˜
l
i}i∈I,l∈Li are dual frames in H. 
In the following example we present harmonic fusion frames with non-canonical
dual fusion frames, which are also harmonic.
Example 3.13. Let a ∈ R, g ∈ L2(R), Eag(x) := e
2πiaxg(x) and Tag(x) := g(x−a).
Suppose that the so-called Gabor system {EamTng}m,n∈Z is a Parseval frame. Fix
N ∈ N and define
Wi = span{Ea(Nm+i)Tng}m,n∈Z, 0 ≤ i ≤ N − 1.
We have W0 = EaWN−1 and Wi+1 = EaWi for 0 ≤ i ≤ N − 2. The family
(W , 1) is the finite harmonic fusion frame considered in [2, Example 6.4].
Let now d ∈ C and N ∈ N be such that 1√
2
< |d| < 1, |d|2N ∈ N and |d|2N > 1.
Let ci ∈ C for i = 1, . . . , N − |d|
2N, with some ci 6= 0, such that
∑N−|d|2N
i=1 ci = 0.
Set
g = dχ[0,1) and h = dχ[0,1) +
∑N−|d|2N
i=1 ciχ[1+ i−1
|d|2N
,1+ i
|d|2N
).
Let Wi = span{E|d|2(Nm+i)Tng}m,n∈Z and Vi = span{E|d|2(Nm+i)Tnh}m,n∈Z, for
0 ≤ i ≤ N − 1. We are going to show that the finite harmonic fusion frame (V , 1)
is a dual fusion frame of (W , 1), and it is not the canonical dual.
We have
∑
n∈Z |g(x− n)| = |d|
2 and
∑
n∈Z g(x− n)g(x− n−
k
|d|2 ) = 0 a.e.. By
[5, Theorems 9.5.2 (ii) and 8.3.1 (ii)], {E|d|2mTng}m,n∈Z is a Parseval Gabor frame
but not a Riesz basis for L2(R).
8 S. B. HEINEKEN, P. M. MORILLAS, A. M. BENAVENTE, AND M. I. ZAKOWICZ
Since {E|d|2mNTng}m,n∈Z ⊆ {E|d|2mTng}m,n∈Z and {E|d|2mTng}m,n∈Z is a Bessel
sequence for L2(R), then {E|d|2mNTng}m,n∈Z is a Bessel sequence forW0. Moreover,
it is an orthogonal system with elements of equal norm |d|. Consequently, the associ-
ated well defined frame operator is |d|2IL2(R) and {E|d|2mNTng}m,n∈Z is an orthogo-
nal basis forW0. Thus, since E|d|2Ni is a unitary operator, {E|d|2N(mN+i)Tng}m,n∈Z
is a |d|2-tight frame for Wi, 0 ≤ i ≤ N − 1.
By [5, Theorem 8.3.1 (i)], W0 6= L
2(R). Hence, since E|d|2Ni is a unitary opera-
tor, Wi 6= L
2(R) for 0 ≤ i ≤ N − 1.
By [5, Proposition 5.3.5], using that {E|d|2(Nm+i)Tng}m,n∈Z is a |d|2-tight frame
for Wi, 0 ≤ i ≤ N − 1, and {E|d|2mTng}m,n∈Z is a Parseval Gabor frame for L2(R),
we obtain SW,1 = |d|
−2IL2(R). Thus (W , 1) is a finite harmonic |d|−2-tight fusion
frame, so it coincides with its canonical dual.
Let χ
|d|−2
[1,|d|−2) be the |d|
−2-periodic extension to the real line of the restriction of
χ[1,|d|−2) to [0, |d|−2). Then,
1−
∑
m∈Z |d|
2〈χ[0,1), E|d|2mχ[0,1)〉E|d|2m = χ
|d|−2
[1,|d|−2).
The function f =
∑N−|d|2N
i=1 ciχ[1+ i−1
|d|2N
,1+ i
|d|2N
) belongs to the Wiener space,
i.e.,
∑
k∈Z ‖fχ[k,(k+1))‖∞ <∞.As a consequence of [5, Proposition 8.5.2], {E|d|2mNTnf}m,n∈Z
is a Bessel sequence.
We have h = g + f(1−
∑
m∈Z |d|
2〈χ[0,1), E|d|2mχ[0,1)〉E|d|2m) and, by [5, Propo-
sition 9.3.8], {E|d|2mTnh}m,n∈Z is a dual frame of {E|d|2mTng}m,n∈Z.
The restriction to the intervals of the form [n, n + 1) of any function in W0 is
1
|d|2N -periodic with |d|
2N periods. So h /∈ W0 and consequently, V0 6= W0. Since
Vi = E|d|2iV0 and Wi = E|d|2iW0, it follows that Vi 6=Wi for 0 ≤ i ≤ N − 1.
The collection {E|d|2mTnh}m,n∈Z is a Bessel sequence for L2(R) and {E|d|2mNTnh}m,n∈Z ⊆
{E|d|2mTnh}m,n∈Z, thus {E|d|2mNTnh}m,n∈Z is a Bessel sequence for V0. Hence it
has a well defined bounded frame operator. We have∑
m,n∈Z〈E|d|2m′NTn′h,E|d|2mNTnh〉E|d|2mNTnh = ‖h‖
2E|d|2m′NTn′h,
thus {E|d|2mNTnh}m,n∈Z is a ‖h‖2-tight frame for V0. Since E|d|2i is a unitary
operator, {E|d|2(mN+i)Tnh}m,n∈Z is a ‖h‖2-tight frame for Vi, 0 ≤ i ≤ N − 1.
Now we can conclude, by Theorem 3.12, that (V , 1) is a dual fusion frame of
(W , 1), and it is not the canonical dual.
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